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Dynamic System Characterization via Eigenvalue Orbits

J. Marczyk,¤ J. Rodellar,† and A. H. Barbat‡

Technical University of Catalonia, 08034 Barcelona, Spain

A new model-free approach for the description of general dynamicalsystems with unknownstructure, order, and
excitation is introduced. The approach is based on the new concept of eigenvalueorbit. The eigenorbits are obtained
by building an associated linear time-variant system through a matrix that relates the output measurements in
a moving horizon window and viewing the trajectories of its time-varying eigenvalues. How the eigenorbits may
be computed from the measurements and used for the characterization of the original system is shown. The basic
properties of the eigenorbits are presented via a series of theorems for the case of a discrete-time, linear time-
invariant system. A set of examples are included to illustrate these properties for more general classes of systems
and to suggest some practical issues that can be drawn from the orbits.

Introduction

C ONSIDERABLE progresshas been made in the � elds of mod-
eling and control of dynamic systems, and both disciplines

have reached a high level of maturity and sophistication.The abun-
dant literature on these subjects, however, is based on the unstated
implicationthat the solutionof a real controlproblemis the superpo-
sition of two separate tasks, namely, that of modeling and control. It
has been shown by Skelton1 that these two processes are, in reality,
not separable. Models, no matter how sophisticated and elaborate,
are always incomplete and never exactly describe the physical phe-
nomena.Models can be built based on a set of assumptions,decided
on by the analyst,that form the idealizationof the systemand known
physical laws to formulate a mathematical model of the idealized
system.

An alternative way to build a model is the use of identi� cation
methods relating input/output data.2 An important contribution to
the identi� cation of modal properties of linear systems under free-
response conditions has been given by Juang and Pappa3 in their
work on the eigensystem realization algorithm (ERA). The lin-
earization properties of ERA have been employed in identifying
approximate linear models for simple nonlinear systems by Horta
and Juang.4 An interesting method based on ERA for identifying
nonlinear interactions in structures is presented by Balachandran
et al.5 According to the authors, using the ERA in conjunctionwith
a sliding time-windowingtechniquereveals oscillatingdamping co-
ef� cients when nonlinear coupling (interaction) between structural
modes is present. This method shows how linear identi� cation al-
gorithms may be used to capture nonlinear phenomena within a
dynamical process. Examples of quadratically and cubically cou-
pled pairs of oscillators illustrate the performanceof the algorithm.

It is clear that the majorityof the moderncontrol-orientedwork is
actually based on some sort of model. Sometimes, the plant model
is augmentedwith a disturbancemodel so as to take into account the
information that is available about the environment while synthe-
sizing the controller. On other occasions, the uncertainties present
within the system are explicitly taken into account, and a wide va-
riety of methods have been developed to cope with stochasticity,
time dependence, parameter jumps, etc. However, no matter how
sophisticatedthe model, or its treatment, the model is nearly always
the central issue of practically any control problem.
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In recent years, approaches not relying on concepts of the de-
scribed classes have been proposed for the description and control
of dynamic systems in a model-free perspective. Neural networks
and fuzzy logic are nowadays well known within this context; see
Refs. 6 and 7.

This paper proposes a novel and general model-free approach to
the problem of general process characterization and control of dy-
namical systems. This description is based on the concept of eigen-
value orbits. These orbits are built by graphing the paths of the
eigenvaluesof a dynamic matrix, which relates the output measure-
ments supplied by a set of sensors within a moving-time window.
No assumptionson system linearity, order, parameter uncertainties,
or operating environment shall be formulated or used toward the
end of model synthesis. The concept of model is, in the framework
of the present work, left as such. The only information that shall be
used for the purposeof providingprocess description is supplied by
the sampled sensor readings.

The approachpresentedherein for system characterizationshares
certain common points and analogies with the ERA.5 In fact, it can
be also considered as a kind of linearization method attempting to
capture information from nonlinear systems by linear tools. How-
ever, in a different vein, this paper is not concerned with explicitly
identifying structural parametrical properties of the system but just
with drawing the trajectories of the eigenvalues of a time-variant
matrix practically built from sensor readings. These trajectories, as
is shown in the following sections, contain interesting information
on the system being described.

The theoretical framework of the eigenvalue orbits is related
to such concepts as phase-portraits, Lyapunov exponents, and
Lyapunov transformations.8 A more in-depth treatment of these is-
sues is covered in Refs. 9 and 10. However, it appears that in the
� elds of dynamic systems, system identi� cation,or model-freecon-
trol practically no literature on eigenvalue orbits exists.

The main objective of this paper is to introduce the concept of
eigenvalue orbit as a model-free descriptor of dynamic systems.
Next, the basic eigenorbit theorems are demonstrated in the case of
discrete-time,linear time-invariant(DLTI) systems. Finally, a set of
numerical experiments are presented with the scope of highlight-
ing the basic properties of the orbits and suggesting some practical
features of the system behavior that can be drawn from the orbits.

Background Concepts
Consider a general nonlinear system of the type

Px D f .x; t/; y D g.x; t/ (1)

with x 2 Rn and y 2 Rq , where n is the number of states and q the
number of measurement channels, and where the structure of both
f and g is supposedto be unknown, togetherwith the orderof x. We
base the central idea behind the schemes proposed on the measure-
ments y being seen as exact and direct images of the states of some
unknown dynamical system. The sensor outputs are a superposition
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of the physicalvariablewe want to observe and measurementnoise.
However, to actually operate this distinctionoften implies great ef-
fort from a modeling and analyticalpoint of view, and in some cases
(see Ref. 3) the results may be questionable.Separationof plant and
noise modes sometimes depends on the selection of some speci� c
thresholds,such as the cutoff singular values, and is often related to
purely numerical issues. The classical approach to a generic control
problem is, in general terms, based on some sort of a model of the
process one wishes to control, and, subsequently, on the selection
of an appropriate controller. The approach advocated herein is to
replace the plant model with a set of eigenorbits, which, as will be
shown, capture all of the information on the process, including the
measurement noise, and provide an alternativeand generic descrip-
tion of any dynamic system.

Let us consider that the sensor outputs are sampled with a sam-
pling time ¿ and that, at time t , one may assemble the following
q £ q matrices:

Y .t/ D [ y.t/; y.t ¡ ¿ /; : : : ; y.t ¡ .q ¡ 1/¿/] (2)

and

PY .t/ D [ Py.t/; Py.t ¡ ¿ /; : : : ; Py.t ¡ .q ¡ 1/¿/] (3)

Let us relate the preceding two matrices in the form

PY .t/ D H .t/Y .t/ (4)

The q £ q matrix H .t/ is, in practice, a � t to the sensor readings
gathered in Y .t/ and PY .t/, and the approach can be interpreted as
a linearizationof the original nonlinear state equations over a time
horizonof lengthq¿ ,with H .t/ playingthe roleof a Jacobianmatrix.
Because the state equation of the original system is unknown, our
aim is to use the information available from the sensors to compute
matrix H at each time t . According to the preceding equation, we
may write

H .t/ D PY .t/Y .t/¡1 (5)

In case of ill conditioningof Y .t/, one may include more measure-
ment instants than sensors. In this case, Y .t/ becomes rectangular
and singular value decompositionmay be used to obtain a pseudo-
inverse

H .t/ D PY .t/Y .t/C (6)

with H .t/ 2 Rq ;q in either case.
At each time t we may considerthe followingeigenvalueproblem:

H .t/8.t/ D 8.t/3.t/ (7)

where 3.t/ D diag[¸i .t/] is the eigenvalue matrix and 8.t/ the
eigenmodematrix of H .t/. In general, the eigenvaluesshall be com-
plex, with

¸i .t/ D <[¸i .t/] C j=[¸i .t/] D u i .t/ C jvi .t/ (8)

where j D
p

¡1 and u i and vi are functions of time with i D
1; 2; : : : ; q. Interpreting now ui and vi as coordinates in the phase
plane, one can view each eigenvalue of H .t/ as satisfying the dy-
namics of a (generally) nonlinear system of the form

vi D Ái .ui / (9)

In other words, the real part of each eigenvalue of H .t/ may be
seen as a displacementand the imaginarypart as a velocity of a cer-
tain second-order system. The plot u–v is termed eigenvalue orbit.
Displacement-velocity plots are known in the literature as phase
portraits. When a phase portrait corresponds to a closed periodic
curve, it is called orbit. In analogy with classical phase portraits,
closed eigenvalue orbits may be referred to as eigenportraits. As
detailed in subsequent sections, the eigenvalue orbits will play an
essential role in characterizing the system (1).

From a practical point of view, it may be useful to consider the
preceding concepts in a discrete-time setting. Because the system

is monitored at a sampling period ¿ , the following discrete-time
representationof Eq. (4) can be considered:

Yk D Hk Yk ¡ 1; Hk 2 Rq ;q (10)

with

Yk D [ yk j yk ¡ 1j ¢ ¢ ¢ j yk ¡ q C 1] (11)

Yk ¡ 1 D [ yk ¡ 1j yk ¡ 2j ¢ ¢ ¢ j yk ¡ q ] (12)

As for the continuous-time setting, we may consider the eigenval-
ues of Hk at each sampling instant k, so that the corresponding
eigenvalues can be obtained. In cases of ill conditioning of Yk ¡ 1,
one may include more measurement instants than sensors and use
pseudoinversionto obtain Hk as in Eq. (6).

Eigenvalue Orbits for DLTI Systems
This section illustrates how an exact formulation of the eigenor-

bit equations may be obtained in the case of free response of a
known DLTI system with noise-freemeasurements.The formalism
established in this section shall serve subsequently as basis for the
demonstration of the basic eigenvalue orbit theorems.

Consider the following DLTI system under initial conditions:

xk D Ak x0; yk D Cxk (13)

with A 2 Rn;n and C 2 Rq;n and k D 1; 2; : : : . To obtain matrix
Hk for this system, it is necessary to constructmatrices Yk and Yk ¡ 1

as in Eqs. (11) and (12). In this case, these matrices can be readily
written in the form

Yk D C Ak x0 A¡1x0 ¢ ¢ ¢ A1 ¡ qx0 D C Ak Qq (14)

Yk ¡ 1 D C Ak ¡ 1 x0 A¡1x0 ¢ ¢ ¢ A1 ¡ qx0 D C Ak ¡ 1 Qq (15)

where Qq D [x0jA¡1x0j ¢ ¢ ¢ jA1 ¡ q x0], and which yields

C Ak Qq D Hk C Ak ¡ 1 Qq (16)

This last equation may be inverted as follows:

Hk D C Ak Qq C Ak ¡ 1 Qq
¡1

(17)

Note that, whereas A has n constant eigenvalues, Hk has q time-
dependent eigenvalues. From the particular structure of this last
equation, information on the eigenorbits can be obtained. In fact,
the preceding formulation enables the computation of the exact or-
bits for a known DLTI system and with a given initial state vector
x0. In a more general case, when the only information about the
system is obtainable through a set of sensors, the orbits can still be
computed experimentally. To this end, it is suf� cient to assemble
the matrices Yk and Yk ¡ 1 and to compute Hk D Yk Y ¡1

k ¡ 1. Once Hk

is available, its eigenvalues may be obtained and the corresponding
orbits updated. Having obtained the eigenvalues, the data compos-
ing matrices Yk and Yk ¡ 1 are updated so that a new Hk may be
computed.The processmay be repeated inde� nitely. It is important
to note that, although the basic continuous-time de� nition of H .t/
requires derivatives of the sensor readings Py, the discrete formu-
lation introduced requires only sampled measurements in a practi-
cal (experimental) orbit determination.The discrete-timeapproach,
therefore, eliminates the necessity of sensor output differentiation.

Properties of Eigenvalue Orbits for DLTI Systems
In this section the formulationis exploitedto state and prove theo-

remscharacterizingtheeigenvalueorbitsfor the followingprototype
system with noise-free measurements:

S f : xk D Akx0; yk D Cxk (18)

with A 2 Rn;n and C 2 Rq;n . S f is the generating system. The
associated system is

Sl : Yk D Hk Yk ¡ 1 (19)

with Hk 2 Rq ;q .
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De� nition 1: An eigenorbit, or ¸ orbit, is the trajectory described
by an eigenvalue of Hk on the complex plane along time.

Matrix Hk possesses q eigenorbits. The i th orbit, corresponding
to eigenvalue ¸i , is O .i/ , whereas ¸

.i /
k is a point on that orbit at the

kth instant.
Any conclusions regarding Sl that may be drawn from the orbit

examination, such as stability, stochasticity, conservativeness,etc.,
apply also to S f because the associated system Sl is, by de� nition,
an output equivalent realization of the generating system S f .

De� nition 2: The i th ¸ orbit is said to be degenerate if

¸
.i /
k D ¸

.i /
0 ; 8k > 0 (20)

In all other cases, the orbit is nondegenerate.
De� nition 3: The i th ¸ orbit is periodic (closed) if there exists

a constant and � nite M such that ¸
.i /
k D ¸

.i /
k C M for every positive k.

In this case, M is the orbit period. It is clear that if all of the orbits
of the system Sl are periodic, then also the matrix Hk is periodic
and so is system S f .

In the sequel, the basic eigenorbit theorems shall be formulated
and proved. The � rst theorem addresses the conditionsof existence
of degenerate eigenorbits. Further theorems address issues such as
orbit periodicity, shape, and stability.

Theorem 1: All of the eigenorbits of the DLTI system S f : xk D
Akx0 are degenerate if q D n and if the system is observable.

Proof: Under the assumption that q D n and with noise-free
measurements,it is immediately clear that Qq 2 Rn;n and C 2 Rn;n .
Therefore, the equation de� ning Hk

Hk D C Ak Qq C Ak ¡ 1 Qq
¡1

(21)

becomes

Hk D C Ak Qn Q¡1
n A1 ¡ kC¡1 D C AC¡1 D H (22)

Consequently, by virtue of the properties of the similarity trans-
formation, both H and A have the same eigenspectrum, which is,
of course, time invariant. Therefore, when q D n, i.e., when the
number of sensors equals the number of active states, the eigenorbit
algorithmidenti� es simply a state matrix H whose eigenvaluescon-
stitute the degenerateorbits. Observabilityof the system guarantees
the existence of the inverse of C .

It is important to note that if q > n, that is, when there are more
sensorsthanactive states, Hk becomes rank de� cientwith m D q ¡ n
null eigenvalues. In this case, Hk must be calculated according to

Hk D Yk Y C
k ¡ 1 (23)

where the pseudoinversionmay be performed according to the sin-
gular value decomposition. In case of noise-corrupted measure-
ments, the rank of H will, in general, be full. Therefore, the algo-
rithm will identify, together with the physical states of the system,
additional modes correspondingto noise. The effect of noise in the
measurement loop is re� ected by an evident stochastic character of
the orbit (fuzziness), as will be shown in Example 2.

The following theorem addresses conservative systems and their
orbits.

Theorem 2: The eigenvalue orbits of a conservative DLTI
S f : xk D Ak x0 system are all periodic.

Proof: Because the spectrum of a periodic matrix is periodic as
well, the theorem will be proved if Hk can be shown to be periodic.
According to the de� nition of Hk , i.e.,

Hk D Yk Y ¡1
k ¡ 1 (24)

Hk is periodic iff Yk and Yk ¡ 1 are periodic. Because Yk and Yk ¡ 1

have identicalstructure,the proof shall regardonly periodicityof Yk .
This periodicityimplies that a � nite N existsfor which the following
holds:

Yk D Yk C N (25)

This is equivalent to

C Ak Qq D C Ak C N Qq (26)

This is true iff

Ak D Ak C N (27)

This may be seen as

Ak ¡ 1 A D Ak ¡ 1 AAN (28)

which � nally leads to

A D A1 C N D AM (29)

A matrix satisfyingthe precedingrelation is called idempotent.This
property is reserved for matrices with eigenvalues equal to either
0 or 1. The former condition is precisely the case of A, whose eigen-
values lie on the unit circle, by virtue of the system’s conservative
nature. The idempotency of A is, of course, equivalent to

xM D x0 (30)

which can only be satis� ed if the system is conservative.The theo-
rem, therefore, has been proved.

If a general nonlinear system is conservative, then the associated
linear time-varying (LTV) system described by Hk is also periodic.
Therefore, the validity of Theorem 2 may be extended to any non-
linear generating system.

The following theorem proves the existence of nondegenerate
eigenorbits when the number of states exceeds the number of sen-
sors. It is, therefore, fundamental for the theory presented herein in
that it shows that the eigenorbitsare indeeda uniqueproperphysical
property that one may attribute to any generating system.

Theorem 3: The DLTI system S f has nondegenerate ¸ orbits if
n > q and if A is not idempotent.

Proof: The theorem shall be proved if Hk can be shown to vary
with time k. Let us perform the spectral decompositionof the state
matrix

A D T J T ¡1 (31)

where J is the Jordanformof A andT is themodalmatrix.Excluding
repeated eigenvalues or other pathological eigenstructures, J will
be diagonal. In the most general case, the Jordan form of a matrix
is block diagonal, and the subsequent argument is similar. In these
conditions, Hk becomes

Hk D CT J k T ¡1 Qq CT J k ¡ 1T ¡1 Qq
¡1

(32)

which yields

Hk D R J k W .R J k ¡ 1W /¡1 D f1.J k / f ¡1
2 .J k ¡ 1/ (33)

where R D CT 2 Rq;n and W D T ¡1 Qq 2 Rn;q are constant
matrices. Equation (33) indicates that, if Hk depends on k, then
this dependence is a consequence of the time dependence of the
powers of the Jordan forms. The nature of this dependence may be
investigatedin the followingmanner.The entriesof J are, in general,
complexnumbersof the type¹i D ½i e j µi with i D 1; 2; 3; : : : ; n and
j D

p
¡1. Therefore, calculationof the powers of J is equivalentto

the calculation of the powers of each of the eigenvalues of A. This
may be done with the aid of Euler’s theorem as follows (the index
i is dropped for brevity of notation):

¹k D ½k e j kµ D ½k .cos kµ C j sin kµ/ (34)

Equation (34) indicates a very important fact, namely, that the el-
evation of J to powers of k is equivalent to a progressive rotation
in the complex plane of the vectors de� ned by the eigenvalues of
A. Therefore, depending on the modulus of each of the eigenval-
ues ½i , this rotation, de� ned clearly by the term kµ , is accompanied
by either a divergence or convergence of ¹k

i provided ¹i is neither
0 nor 1 because A is not idempotent. Consequently, J k and J k ¡ 1

both vary with k and J k 6D J k ¡ 1 . It now remains to prove that
f1.J k / f ¡1

2 .J k ¡ 1/ is not constant. Because f1 D f2 , the only con-
dition under which Hk D f1.J k / f ¡1

2 .J k ¡ 1/ can be constant is
J k D J k ¡ 1 . This condition, again, requires A to be idempotent,
a fact which is excluded by the hypothesisof the theorem.

The following theorem addresses the important issue of orbit sta-
bility and how it relates to the stabilityof the generating system S f .

Theorem 4: The eigenorbits associated with a dissipative DLTI
S f system with n > q tend to degenerate orbits.

Proof: Let An be the matrix of system S f at the initial instant
k D 0. Suppose that An is already in modal form. If, for k D 0, all
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modes have either nonzero initial displacement or velocity, then,
given that S f is dissipative, it is always possible to � nd such N1

that for k > N1 some mode has decayed and, therefore, no longer
contributes to the ¸ orbits of Hk . Another consequence of this is
that An may now be de� ated down to An ¡ 2. Similarly, increasingk,
it is possible to � nd such an N2 that for k > N2 some other mode
vanishesand no longercontributesto the sensorreadings.Therefore,
now one has A 2 Rn ¡ 4;n ¡ 4. One may continue this reasoning until
A 2 Rq;q , in which case the conditions of Theorem 1 are met and
all orbits become degenerate. The norm of H , now constant, is
kC AqC¡1k D N¾ .C AqC¡1/, where N¾ . / is the largest singular value
of . /. This last fact proves the theorem.

It is interestingalso to examine the situationwhen there are more
sensors than states, i.e., q > n. Continuing the reasoning used ear-
lier, it is clear that this condition is reached once enough modes
have decayed to make Yk rank de� cient. This rank de� ciency of Yk

propagatesonto Hk , which exhibits, at this stage, q ¡ n null eigen-
values. In the limit case of null sensor readings, i.e., Yk ´ [ ], one
obtains also Hk ´ [ ], which possesses one null eigenvalue with
multiplicity q that corresponds to a particular degenerate orbit. In
this case, one may draw the conclusion that all of the sensors are
measuring the same rigid-body mode, in the sense of a drift of all
of the state variables of a given dynamical system.

The preceding theorem states in practice that if all of the ¸ orbits
of the associatedsystemSl tend to a set of degenerateorbits, then the
generatingsystem S f is necessarilystable (dissipative). This is very
important because in the general case it is impossible (and often un-
necessary)to obtaininformationon the structureofS f . This theorem
suggests also that the control of a generic and unknown system S f

may be accomplished if one can control the ¸ orbits in some appro-
priate manner. This particular form of control via ¸ orbits shall not
be addressed in this paper, being currently the subject of research.

It must be remarked that, although the preceding theorems have
been formulated for a simple DLTI system (xk D Akx0; y D Cx),
their scope may be suggested to more general nonlinear systems
with unknown structure and dimension. It is known that any non-
linear system, having (locally) a Jacobian that does not possess
purely imaginary eigenvalues,may be studied (locally) in terms of
stability, via the associated linearized system. The dynamic matrix
of this system is, precisely, the Jacobian. This is expressed via the
Hartman–Grobman theorem.Therefore,any nonlinearsystem satis-
fying this condition may be approximated,along its trajectory, by a
series of linear time-invariant (LTI) systems, each of which is valid
only in a small vicinity of each point along the trajectory and for

Fig. 1 Orbit of the � rst eigenvalue of the DLTI 4-DOF system.

a small amount of time. Now, because each of these linear systems
will differ from its predecessorby a small amount, one may approx-
imate this sequence of LTI systems by an equivalent LTV system.
The fundamentalpropertyof eigenorbits is that they do not discrim-
inate betweenan LTI system that has more active states than sensors
(q > n) or an LTV system in which q D n. Both such systems lead to
nondegenerateeigenorbitswhich, under certain circumstances,may
even be identical. In systems of the type Px D Ax C ² f .x/, where
² ¿ 1 with f .x/ being nonlinear function, the eigenorbitswill tend
to those of the linear system Px D Ax as ² gets smaller.

Numerical Examples
In this section,four exampleshavebeen selectedwith the purpose

of providinga more intuitiveand closer look at the salientproperties
of eigenorbits.

Example 1
Consider a simple DLTI four-degree-of-freedom (4-DOF) sys-

tem. This system is assumed to play the role of the unknown but ob-
servable reality, i.e., S f . The system has been obtainedby sampling
the correspondingcontinuoussystemat 40 Hz and has the following
form:

xk D A4xk ¡ 1; yk D C4xk (35)

with

A4 D

0:9997 0:0250 0 0

¡0:0250 0:9994 0 0

0 0 0:9991 0:0249

0 0 ¡0:0747 0:9916
(36)

C4 D
0 0:1 0 ¡0:1

1 1 0 0:4

with the following initial state vector x0 D f1; 0; 0:01; 0gT . The
eigenvalues of A4 are f¸1;2 D 0:9996 § j0:0250; ¸3;4 D 0:9953 §
j0:0430g. Three time instants are considered at each step k, i.e., k,
k ¡ 1, and k ¡ 2, and Hk 2 R2;2 because there are two sensors. The
orbits of the two eigenvalues are complex conjugate, just like the
eigenvaluesof A. Figure 1 shows the � rst of these orbits. The orbit
starts at t D 0 as indicated in the � gure by an asterisk and spirals
toward the focal point indicated as C. This point coincides with
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the location of the slow mode, i.e., 0:9996 § j0:0250. As the fast
mode decays due to internal dissipation, it may be observed that the
generating DLTI system S f converges toward the following 2 £ 2
one:

A2 D
0:9997 0:0250

¡0:0250 0:9994
; C2 D

0 0:1

1 1
(37)

In this simple case, because C2 is square and has full rank, one may
easily verify that both A2 and H are similar matrices:

H D C2 A2C
¡1
2 ; H 2 R2;2 (38)

with

H D
¡1:0244 ¡0:0025

0:4951 0:9749
(39)

and having the same spectrum as A2 . This is clearly understood
in terms of Theorem 4, which states that the orbits of dissipative

Fig. 2 Stochastic orbit of the 4-DOF DLTI system with noisy measurements.

Fig. 3 Eigenorbit of a 10-state LTI system.

systems tend to degenerateorbits. System (35) is dissipative,and so
its orbit tends to points, as may be observed in Fig. 1.

Example 2
Although the theory presented in the preceding sections assumes

no sensor noise, some interesting features can be outlined from a
numerical example in the presenceof sensor noise. In case of noise-
corruptedmeasurements,the systemequationsassumethe following
form:

xk D A4xk ¡ 1; yk D C4xk C vk (40)

where v is a stochasticprocess.The direct implicationof this source
term is the perturbation of the Yk and Yk ¡ 1 matrices. There are
two important consequencesof the presence of measurementnoise,
namely, 1) perturbationof the eigenspectrum of H and 2) compen-
sation of any rank de� ciencies in H .

The noise terms in fact constitute a random perturbation of H ,
which can, under certaincircumstances,be rank de� cient.However,
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adding to H a random matrix makes up for this de� ciency because
any randommatrix is almost certainlynonsingular.This is true espe-
cially for large matrices, which exhibit extremely low probabilities
of singularity.The important issue is to realize that the measurement
noise is not falsifying conclusions about dynamics of the system
because the noise itself is part of the process. The effects of mea-
surement noise are clearly visible in Fig. 2, where the pronounced
fuzzinessof the orbits, althoughstill retainingthe originaldetermin-
istic form, suggests that perhaps a very fast state (noise) is present
within the system. Alternatively, one could also conclude that the
orbit could be generatedby a system with stochasticparameters and
without noise. In any case, this distinction is not very important as
long as the orbit remains stable.

Example 3
The central issue of the theory presented in this paper is that ¸

orbits re� ect the state of a system or a process. The complexity of

Fig. 4 Eigenorbit of a 20-state LTI system.

Fig. 5 First eigenorbit of a 6-state LTI system.

the orbit shape depends essentially on the complexity of the gen-
erating system and on the number of sensors used for monitoring.
Figures 3 and 4 show examples of complex orbits of 10- and 20-
state LTI systems, whereas Figs. 5 and 6 show the � rst two orbits
of a simpler 6-state linear system. In all cases the eigenorbits have
beenobtainedwith foursensors.The clearcharacteristicthatmay be
quickly inferred by glancing at the plots is that they all show closed
curves. This denotes a cyclic and stable behavior of the respective
generating systems. According to Theorem 2 this type of closed or-
bit can be attributed to conservativesystems. The lack of symmetry
and the intricate shapes, especially in the orbits in Figs. 3 and 4,
re� ect that the corresponding generating systems are composed of
numerous states. In fact, the difference in the number of states and
the number of sensors used to obtain the orbits is large in both these
cases, namely, 20 and 10 vs 4. In Figs. 5 and 6 this difference is
much smaller, i.e., 6 states vs 4 sensors, which is re� ected in a less
intricate shape of the orbits.
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Fig. 6 Second eigenorbit of a 6-state LTI system.

Fig. 7 Eigenorbit of the Lorenz system.

Example 4
As advanced in the preceding sections, eigenorbits may be

used to provide information on nonlinear systems. An example of
eigenorbits of the Lorenz system is shown in Fig. 7. The Lorenz
system is described by the following coupled quadratic ordinary
differential equations:

Px D ¾ .y ¡ x/; Py D ½x ¡ y ¡ xz; Pz D ¡¯z C xy (41)

with ¾; ½; ¯ > 0 and x; y; z 2 R. These parameters represent,
respectively, the Prandtl number, the Reynolds number, and an as-
pect ratio. The original values of ¯ D 8

3 and ¾ D 10 used by Lorenz
have been adopted, together with ½ D 28. The complete phase por-
trait has been obtained with 1t D 0:005 s and 2700 iterates. The
apparently simple phase portrait reveals its complexity in the corre-
sponding ¸ orbit. It is interesting to relate local instabilities in the

phase portrait to portions of the ¸ orbit that reside in the right-hand
plane. The phase portrait shows how the spiral’s radius increases,
thereby revealing an evident global instability. There are, however,
portions of the spiral that actually exhibit local convergence,which
is re� ected in the corresponding ¸ orbit. The orbit does, of course,
con� rm that the system is globally in a state of divergence because
its radius also increases. The fact that more than half of the ¸ orbit
resides in the right-handplane leads to the conclusion that there are
more local instabilities than stabilities in the phase portrait. In other
words, there are more segments of the phase portrait that appear to
diverge locally than those exhibiting local convergence.Moreover,
observing the orbit, one may conclude that its center of gravity
(focal point) is located approximately in .0:5 C 10 j/, which can be
viewed as a sort of equivalent or average root. This average root,
just like the entire orbit, is of course unstable and re� ects the aver-
age global behavior of the orbit. Finally, it is important to remark
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that the underlying complexity of the spiral’s dynamics is not at all
evident in its phase portrait. The ¸ orbit, on the other hand, exposes
the intricate nature of the Lorenz system, which would otherwise
be visible if one resorted to higher derivativesof the phase portrait.

Remarks
These examples, together with the developed theory, suggest the

conclusion that nondegenerate¸ orbits may be used to detect insta-
bilities, the presence of nonlinearities, the presence of more states
than sensors (a form of spillover), the presence of control, the
presence of external excitation, the time-dependence of the system
parameters, or any combination thereof.

Bearing in mind these considerations,a possible approach to the
problem of process control could be one where a controller is used
to steer the dynamics of the orbits instead of the states (phase trajec-
tories), thereby accomplishing some speci� c control objectives.9;11

One particularly obvious application of eigenorbits in this context
is, for example, to provide a time-switching law for classical con-
trollers. It is clear that when an orbit crosses the imaginary axis,
somewhere in the system some sort of instability is appearing.This
instabilitylasts for all of the time that theorbit resides in thecomplex
right-handplane. Therefore, a controllermay be activated when the
orbit approaches the imaginary axis from the left-hand plane and
deactivated when the orbit migrates back into the left-hand plane.
This approach to controlhas a predictivepotential in that orbit mon-
itoring provides a complete picture of the system’s past and of its
short-term tendencies. Preliminary numerical experiments suggest
that this concept is indeed viable, and research in this direction is
currently under way.

Conclusions
The concept of ¸ orbit has been introduced, and basic theorems

illustratingthe orbit properties have been proved for a DLTI system
under free response. Numerical examples have illustrated how the
orbit shapescan be used for system and processcharacterizationand
monitoring. It has also been shown how the eigenvalueorbits of the
associated system provide insight into the dynamic characteristics

of the generating system. Being a physical attribute of a dynamic
system, ¸ orbits do not depend, in a reasonable range, on the sensor
output sampling frequency. A numerical procedure has also been
presented for the practical computation of ¸ orbits via sampling of
the available sensor readings. Finally, the orbits have been shown
to have potential control applications in that they re� ect the state of
dynamical processes or systems.
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